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Abstract. The Schrodinger equation is considered on the half line with a self- 
adjoint boundary condition when the potential is real valued, integrable, and 
has a finite first moment. It is proved that the potential and the two bound¬ 
ary conditions are uniquely determined by a set of spectral data containing 
the discrete eigenvalues for a boundary condition at the origin, the continuous 
part of the spectral measure for that boundary condition, and a subset of the 
discrete eigenvalues for a different boundary condition. This result provides a 
generalization of the celebrated uniqueness theorem of Borg and Marchenko 
using two sets of discrete spectra to the case where there is also a continuous 
spectrum. The proof employed yields a method to recover the potential and 
the two boundary conditions, and it also constructs data sets used in vari¬ 
ous inversion methods. A comparison is made with the uniqueness result of 
Gesztesy and Simon using Krein’s spectral shift function as the inversion data. 


1. Introduction 

Consider the Schrodinger equation on the half line 

(1.1) —ilj" + V{x)'4’ = k'^'ip, a: G R+, 

where the prime denotes the derivative with respect to x, the potential V is real 
valued and measurable, and dx (1 + x) | V(a;)| is finite. Such potentials are said 
to make up the Faddeev class. Let for a fixed a G (0,7r] denote the unique 
selfadjoint realization [1] of the corresponding Schrodinger operator on L^(R+) 
with the boundary condition 

(1.2) sina • ij}'{k,0) + coso • ip{k,0) — 0, 
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which can also be written as 

( 0) + cot a ■= 0, ae(0, tt), 

i ipik, 0) = 0, a = TT. 

Note that a cot a is a monotone decreasing mapping of (0, tt) onto R, and hence 
a is uniquely determined by cot a. 

It is known [1,2] that Ha has no positive or zero eigenvalues, has no singular- 
continuous spectrum, has at most a finite number of (simple) negative eigenvalues, 
and its absolutely-continuous spectrum consists of k!^ G [0, -l-oo). 

Borg [3] and Marchenko [4] independently analyzed (1.1) with the boundary 
condition (1.2) when there is no continuous spectrum. They showed [3-5] that 
two sets of discrete spectra associated with two distinct boundary conditions at 
a; = 0 (with a fixed boundary condition, if any, at a; = -l-oo) uniquely determine 
the potential and the two boundary conditions. 

A continuous spectrum often appears in applications, and it usually arises when 
the potential vanishes at infinity. In our paper we present an extension of the cele¬ 
brated Borg-Marchenko result in the presence of a continuous spectrum; namely, we 
show that the potential and the two boundary conditions are uniquely determined 
by an appropriate data set containing the discrete eigenvalues and the continuous 
part of the spectral measure corresponding to one boundary condition and a subset 
of the discrete eigenvalues corresponding to a different boundary condition. 

Another extension of the Borg-Marchenko result with a continuous spectrum is 
given by Gesztesy and Simon [6], where a uniqueness result is presented when the 
corresponding Krein’s spectral shift function is used as the data in the class of real¬ 
valued potentials that are integrable on [0, R] for all i? > 0. In our generalization 
of the Borg-Marchenko theorem, we specify the data in terms of a subset of the 
spectral measure; namely, the amplitude of the lost function and the eigenvalues. 
The connection between the data used in [6] and ours is analyzed in Section 5. 

The problem under study has applications in the acoustical analysis of the hu¬ 
man vocal tract. The related inverse problem can be described [7-9] as determining 
a scaled curvature of the duct of the vocal tract when a constant-frequency sound is 
uttered. Such an inverse problem has important applications in speech recognition. 

Our paper is organized as follows. In Section 2 we introduce the preliminary 
material related to the Jost function, the phase shift, and the spectral measure. 
In Section 3 we present our generalized Borg-Marchenko theorem. In Section 4 
we briefly outline the Gel’fand-Levitan, Marchenko, and the Faddeev-Marchenko 
procedures to recover the potential. In Section 5 we show how the data used in our 
theorem uniquely constructs Krein’s spectral shift function and vice versa. Finally, 
in Section 6 we present two examples to illustrate the theory presented in our paper. 


2. Preliminaries 

Recall that the Jost function associated with Ha is defined as [2,10-12] 

—i[f'{k,0) + cot a • /(fc,0)], a G (0,7r), 
fik,0), a = TT, 

with f{k,x) denoting the Jost solution to (1.1) satisfying the asymptotics 


( 2 . 1 ) 


Faik) := 


(2.2) /(fc,x) = e*'="[l + o(l)], f{k,x)=ikF'^-[l + o{l)] 


X -l-oo. 
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From (1.1) and (2.2) it follows that 

(2.3) f{-k,0) = fik,0r, f{-k,0) = f'{k,0r, keR, 

where the asterisk denotes complex conjugation, and hence for fc G R we get 

(2-4) 

( F^{k) , a = TT. 


We use C+ for the upper half complex plane, C+ := C+ U R for its closure, and 
:= i(0, +oo) for the positive imaginary axis in C+. 

It is known [2,10-12] that Fa(k) is analytic in C+ and continuous in C+, the 
zeros in of Fa, if any, can only occur on I^" and such zeros are all simple, 
Fa{k) 7^ 0 for fc e R \ {0}, and that either Fa{k) is nonzero at fc = 0 (generic 
case) or it has a simple zero there (exceptional case). Because of (2.4), knowledge 
of Fa{k) for k G R+ is equivalent to that for fc G R. Let k = iKaj for j = 1,..., Na 
represent the zeros of Fa on I+. Thus, the set {—corresponds to the discrete 
eigenvalues of Fla- 

The negative of the phase of the dost function Fa is usually known as the phase 
shift (pa, i.e. 

(2.5) 


where it is understood that pa{+oo) = 0. For fc G R, the phase shift pa satisfies 
loci A r f aG (0,7r), 

(2.6) pa{-k) = < 

[ - 07 r(«:), a = TT. 

The scattering matrix Saik) for fc G R associated with Ha is defined as 

f "TW’ «e(o,7r), 

(2.7) 

[ F^{k) ’ “ 

The number of discrete eigenvalues Na is related to the phase shift pa by 
Levinson’s theorem [2,11], i.e. 


— 2i<j>cik) _ 


Saik) := e 


a G (0, tt). 


Pci0+) = 


IT, a G (0, tt). 


a = TT, 


where we have defined 


ro, ifF„(o)7^o, 

da ■= i 

1 1, ifF„(0)=0. 

The spectral measure pa corresponding to Ha can be determined via [2,10-12] 

f ^ 1 XU 

-;=— dA, A ^ 0, 

^ \FAVX)\^ 

dpaW — S 

'^gajS{X + Kaj)dX, A < 0, 
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where (5(-) is the Dirac delta distribution, A := and the norming constants gaj 


are given by 




(2.9) 


r \fiiKaj,0)\ 

ii/(*Kai.-)ir 

a G (0, tt). 

9aj ■— ^ 





^ ll/(*K7rj,-)ir 

^ 


with 11 • II denoting the standard norm in L^(0, +oo). It is known [2,10-12] that {V, a} 
is uniquely determined by the corresponding spectral measure Pa and that the 
reconstruction can be achieved by solving the Gel’fand-Levitan integral equation. 


3. The Borg-Marchenko Theorem with a Continuous Spectrum 

Our generalized Borg-Marchenko theorem consists of identifying the appropri¬ 
ate data set leading to the unique determination of the potential V in (1.1) and the 
two distinct boundary parameters a and f3 in (1.2) with 0 < /? < a < tt. Here, we 
briefly state our theorem and summarize the steps to construct {V, /3, a} and refer 
the reader to [ 12 ] for the proof and further details. 

Let the set {—correspond to the discrete eigenvalues of Hp. We use Fp 
to denote the dost function associated with FIp, and it is obtained by replacing a 
with (3 on the right hand side of (2.1). 

Our motivation is as follows. Assume that we are given some data set V, 

which contains \Fa{k)\ for fc G R, the whole set and a subset of {k/ 3 j}^i 

consisting of N^, elements. Alternatively, our data T> may include \Fp{k)\ for k G 
R and the sets and {K/ 3 j}^i- Does V uniquely determine {V,a,P}l 

If not, what additional information do we need to include in V for the unique 
determination? Can we also present a constructive method to recover {y,a,/3} 
from V or from a data set obtained by some augmentation of V? 

Since 0 < (3 < a < tt, from the interlacing properties of eigenvalues, it is known 
[2,10-12] that either Np = Na, in which case we have 

(3.1) 0 < Kai < Kpi < Ka2 < Kf32 < ■ ■ ■ < KaNo, < KpN^, 

or else we have Np = Na -I- 1, in which case we get 

(3.2) 0 < Kpi < Kal < Kp2 < Ka2 < ■ ■ ■ < KaNo, < KpNfi- 

There are eight distinct cases to consider depending on whether a G (0, tt) or 
a = TT, whether Np = Na or Np = Na + 1, and whether the data set used contains 
|Fq,| or \Fp\. So, let us define the data sets Vi,... ,'Ds as follows [12]: 

(3.3) Pi := {hpa, \Fa{k)\ for fc G R, {R/3i}fii}, 

(3.4) P 2 := {/3, \F^{k)\ for A: G R, {K.i}f=i, {}fii}, 

(3.5) P 3 := {hpa,\Faik)\ for k G R, ,A^q- element subset of {Kpj}^^^}, 


(3.6) P 4 := {/3, \F^{k)\ for A: G R, , A^,n-element subset of {Kpj}ffi} 

(3.7) P 5 := {hpa, \Fpik)\ for A: G R, {Kaj}f=i, {Kpjjfh}, 
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(3.8) Ve := {\F 0 ik)\ for k G R, 

(3.9) X>7 := {P, hf 3 a, \Ff 3 ik)\ for fc G R, {Kajjfp^, {k/3j}^J, 

(3.10) Vs := {/3, \F 0 {k)\ for A: G R, 


where we let 

(3.11) := cot/3 — cota. 


Note that hfSa > 0 when 0 < /3 < a < tt. The data sets I?i, I? 3 ,1?5,1?7 correspond to 
a G (0,7r) and the sets V 2 ,Vi,VQ,Vs to a = tt; the sets I?i, I ?2 ,,254 contain |Fq| 
whereas the sets V 5 ,Vq,Vt,Vs contain |T) 3 |; the sets Vi,V 2 ,V 5 ,Ve correspond to 
Np = Na whereas the sets I? 3 ,1?4,1?7,Pg to iV^ = Na + 1. Our generalized Borg- 
Marchenko theorem can be stated as follows. 


Theorem 3.1. Let the realizations Fla and Fl/^ for some 0 < /? < a < tt corre¬ 
spond to a potential V in the Faddeev class with the boundary conditions identified 
by a and /3, respectively. Then, each of the data sets Vj with j = 1,..., 8 uniquely 
determines the corresponding {1^, a,/?}. 

The proof of the above theorem provides a method to recover a and /3 as well as 
Fa{k) and F^(fc) for k G C+, thus also allowing us to construct the data sets used 
as input in various inversion methods to determine V. For the proof and details we 
refer the reader to [12], and here we only briefly outline the steps involved. Using 
Vj for each of j = 1, 2, 5,6, 7,8 we first construct Re[Aj(A:)] for R, where 


Re[Ai(A:)] = 


N. J^2 , ,.2 


Ocj 


k h/ja TT 


Re[A2(A:)] = -1 


1 A-2 , 2 

\FAkWf},k^ + ^i; 


Nc 




Re[A3(fc)] = 


hj3a k J —1 


]^(fc^ + kF) 


\Fa{k)P N, 

+ Kpj) 

1=1 

Re[A5(fc)] = -hpo 


Re[A4(A;)] = —1 


1=1 


^ ' <■) 


\F^{k)P N, 

+ Kpj) 

1=1 


fc" h 0 a t 4 fe" + ^: 
mk)P\}^k^ + nf ’ 


'/3j 


3^ 

Na 


OLJ 


7,2 p , 2 

it«iA=(m = -i + ^n “ 




2 ’ 
'TZj 


Ylik"^ + «|i) 

{k"^ + Kaj) 

4 = 1 


Re[A7(A:)] = h/Sa 



6 


TUNCAY AKTOSUN AND RICARDO WEDER 


Np 

+ Kpj) 

Re[A8(fc)] = -1 + 4“_\ • 

n + 

i=i 

Then, using the Schwarz integral formula 

we uniquely construct A^, where 0"*" in the integrand indicates that the values of 
Aj(fc) for fc G R must be obtained via a limit from C+. We get 


Ai(fc) = —i + i 


No, 

n 

i=i 


F 0 {k) 

F^{k) -y- p + 


Vi 


AVfc) = -1 - ff ^ ft 


fc F^(0) K% k F^{k) P + , 


.2 ’ 
^^3 


Nc. 






n(fc^ + «ai) W{k'^+l4j) 

-, A4(fc) =+ 


jf (fc^ + Kpj) 

i=i 


JV(fc) V 

]j[(fc^ + Kpj) 

i=i 


A3,.) . - .3. - * I A.,*, . g 


A7(fc) = —ifc + hpa — 


Np 

i Fa{0) jti 




k Ff}{0) Np 


n 

i=i 


aj 


Np 

^ Fa{k) j=l _ 

k Ff}{k) Np-i 

n 

i=i 


Np 


Np 


n 


_4i 

A8(fc) = -1 - i -+ T 


k FfiiO) Np 


-1 


n 

i=i 


A: Fi}{k) Np 


-1 


n (fc^+ kF) 

i=i 


Each Aj{k) is analytic in C+, continuous in C+, and 0{l/k) as fc ^ oo in C+. 

Next, with the help of Vj and Aj, we uniquely construct a, /?, Fa, and Ejg by 
using the procedure given in Section 4 of [12]. Having these four quantities, we 
can construct V by using one of the available inversion methods [2,10-12], three of 
which are outlined in Section 4. Note that /(fc,0) and /'(fc,0) can then also be 
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constructed via 


T—[Fl3ik)-Fc,{k)\, a,/3G(0,7r), 

^(5ot 

F^{k), 


[ j^[cot/^-Fa(k)-cota-Fj3(k)], a,/3 € (0,7r), 

f{k,0)=< hfla 

[ 7 F/ 3 (A:) — cot/3 • /3G(0,7r). 

The constructions from Vj with j = 3,4 involve an extra step because in each of 
those two cases exactly one of the discrete eigenvalues needed to construct Re[Aj (fc)] 
for A: G R is not contained in Vj. As a result, we first construct a one-parameter 
family of ^j{k) for k G C+ and then determine the eigenvalue missing in Vj by 
taking a nontangential limit as A: ^ oo on C“'". Once the missing discrete eigenvalue 
is at hand, the corresponding Aj(fc) for k G C+ is uniquely determined as well. We 
can then proceed as in the case with j = 1,2, 5, 6, 7, 8 in order to determine a and 
/?, Fa{k) and T/ 3 (A;) for k G C+, the potential V, and any other relevant quantities. 


4. Reconstruction of the Potential 


In Section 3 we have outlined the construction of the quantities a, /3, and Fa{k) 
and Fp{k) for k G C+ by using each of the data sets Vj with j = 1,... ,8 given 
in (3.3)-(3.10), respectively. In this section we outline three methods to briefly 
illustrate the use of such quantities to recover the potential V. 

In the Gel’fand-Levitan method [2,10-12], one forms the input data Ga given 
by 

:= {\FUk)\ for k G R, {Ra,}f=i, 

where the gaj are the norming constants appearing in (2.9) and they can also be 
obtained from (cf. (3.25) of [12]) 


= < 


k^oL Fa{il^aj') 

I 2 Rttj T/3 ) 

Ftz (ARttj ) 


0 < P < a < IT, 


0 < P < a = IT, 


with an overdot indicating the A;-derivative. The corresponding potential V is 
uniquely recovered via 

V{x) = 2 —Aa{x,x~), 
ax 

where Aa{x^y) is obtained by solving the Gel’fand-Levitan integral equation 


Aaix,y) + Gaix,y) + dzGa{y,z) Aa{x,z) =Q, 0 < y < x, 

Jo 

with the kernel Ga{x,y) for a G (0,7r) given by 


Ga{x,y) 


1 

TT 



r e 

.\Fo.{k)P 


(cos kx) (cos ky) 


No, 

+ ^ Oaj (cosh KajX) (cOSh Kajy) , 
i=i 
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and the kernel given by 

1 r 1 1 

G^{x,y):=- dk 1 (sinfcx) (sin/cy) 

T^J-oo l\F^{k)r J 

9l- 

+ (sinh/i^j-a;) (sinhA^^y). 

""-J- 

In the Marchenko method [2,11,12] one forms the input data Aia given by 
Ma ■= {Saik) for k G R, 

where Sa is the scattering matrix defined in (2.7) and the norming constants rriaj 
can be obtained by using 


ll/(*««D-)ll’ 

or equivalently via (cf. (3.26) of [12]) 

/ ‘ZlKaj hpa 
y Fj^ (i Kctj ) Ff^ (i Kctj ) 


j = 1,..., 


0 < f3 < a < TT, 


i, y ^/3 (^^TTJ ) ) 

The potential V is uniquely recovered as 


0 < (3 < a = TT. 


V{x) = -2—K{x,x+), 
ax 

where K{x,y) is obtained by solving the Marchenko integral equation 

pOO 

K{x,y) + Ma{x + y) + / dz Ma{y + z) K{x, z) = 0, 0<x<y, 

J X 


with the kernel 


M„(y) := 


1 pQC 

— J dk [5„(fc) - 1] e^'^y + a G (0, ^), 

1 /•OO ^ TT 

— J dk[l-S^{k)]e^'^y+Y,mFe-^-^y, a = tt. 


In the right Faddeev-Marchenko method [2,11,12], by viewing the potential V 
on the full line and setting V = 0 for a; < 0, one forms the input data Jy given by 

Tr ■■= {Lik) for k G R,{T,}|Ll,{Cri}^l}, 

where L is the left reflection coefficient given by 


L{k) = 


ikf(k,0)-f(k,0) - 

ikf{k,0) + f{k,0)’ 


kGC+ 
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m = 


{k — i cot j3) Fa{k) — {k — i cot a) (k) 
{k + i cot (3) Fa (k) — {k + i cot a) Fjj^k)' 
{k — i cot f3) FTr{k) — F 13 (k) 


a,P e (0,7r), 


{k + i cot (3) Ft, (k) + Fp (k) ’ 


(3 G (0,7r). 


The N positive constants Tj correspond to the (simple) poles of L{k) on 1+, and 
the Crj are the norming constants that can be obtained via 


L-rj 


=-i/-iRes(T,zTj), j = l,...,N. 


The potential V can be uniquely reconstructed as 

fiRr(a;,0+) 


V{x) = 2 ■ 


dx 


where Br{x,y) is the solution to the right Faddeev-Marchenko integral equation 

pOO 

+ ilr(-2x + y) + / dy9.^{-2x-\-y-\-z)Br{x,z)={), y > 0, 

^0 

with the input data 

1 


T poo N 

^r{y).= Tr dkmF'^y+ y2, 

27!- J-oo ^ 




5. Krein’s Spectral Shift Function 


In this section, we indicate the construction of Krein’s spectral shift function 
il 3 a{k) for k G U 1+ with 0 < P < a < n, and we also show how to extract a, 
p, Fa, Fp, and V from 

Krein’s spectral shift function ^f 3 a{k) associated with Fla and H /3 can be defined 
in various ways [5,13-15]. We find it convenient to introduce by relating it to 
the phase of Fa{k)/Fij{k) for fc G RU I"*". Let us note that in [6] is considered 
when Q < P < a < -K, but studying it for 0 < /3 < a < tt does not present 
any inconvenience because we can choose ^00 (k) = ^Onik) for k G R"'" U 1 + with 
9 G (0,7r), as done in our paper. 

Let 


(5.1) 

with the normalization 


Zpajk) 

\Zp<.{k)P 


(5.2) 


?/3a(+00) 


0 , 

1 / 2 , 


/c G R+ U I+, 


a G (0,7r), 

a = TT, 


and the range of ^paik) on 1+ restricted to the interval [0,1], where we have defined 


(5.3) 


Zpa{k) 


Fajk) 

mky 

iFpjk) 

FT,{k) ’ 


0 < /3 < Of < TT, 


0 < P < a = t:. 
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As seen from (2.5) and (5.1)-(5.3), we can express ^i 3 a{k) for k € R+ in terms of 
the phase shifts (/)q, and (pp as 

{ -[(pjsik)- 4)a{k)\, 0 </? < a < TT, 

T 1 

7^ +-Vl>7^{k) - (l>f}{k)], 0 < (3 <a = TT. 

Z TT 

With the help of (2.6) and (5.4) we see that ^/ 3 a{k) can be extended from k G R+ 
to fc G R oddly, i.e. 


(5.5) ^/3a{ — k) = —^I3a{k), 0 < P < a < TT, /cGR. 


Using (3.18) of [12], for /c G R we get 


(5.6) 


Im [Z) 3 aik)] 


k 

W>¥'' 

k 


0 < /3 < a < TT, 


0 < P < a = TT. 


Since Fa{k) is nonzero for k G R'*", (5.6) implies that Im [Z^Q,(fc)] > 0 for fc G R+. 
Thus, from (5.1) we can conclude that ^ 0 a{k) G (0,1) when k G R^. Furthermore, 
using (2.8) and (5.4) we get 


e/3a(0+) 


N /3 - Na+ ^^ , 0<P<a<n, 

- -/V /3 + ^ , 0<P<a = n. 


Having introduced ^paik) for fc G RU I+, let us now analyze the problem of 
recovering a, /3, Fa, Fp, and V from ^pa- First, given ipa{k) for k G R+ UI+, from 
(5.2) we determine whether a G (0,7r) or a = tt. 

Next, we can recover TV^, Np, and {Kpj}jP^-^ by using the values of 

il 3 a{k) for k G I+. In fact, with the help of (2.1), (2.3), and (5.1)-(5.3), we see that 
Zpa{k) is real valued for fc G I'*' and that ^pa{k) on 1+ is equal to either 0 or 1, 
with jump discontinuities at fc = iKaj and k = inpj. In other words, in consonant 
with the interlacing properties given in (3.1) and (3.2), as a result of the simplicity 
of zeros of Fa and Fp on I+, we have, when Na = Np and 0 < P < a < tt 


^Paiiuj) = 


0, W G (0, Kal) U (k/JAT^, +Oo) U^.J^2 — 1); ^aj)i 

1, UJ G U ■ (Kckj 7 ^/3j) 7 


and we have, when = Np — 1 and 0 < p < a < tt 

£,Pa{ii^) = 


0, O’ G (K^Ar^,+Oo) 'ZjPi (k/3j, 


I5 G (0, l^pl) + 

On the other hand, we have, when 0 < /? < a = tt and Np = N^ 




1 , W G (0, K^l) U {KpNf,,+Oo) U ^2 («/3(j — 1) 1 ^7Tj)l 
0, (jJ G 
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and we have, when 0 < /3 < a = tt and + 1 


(5.7) 


j 1, W e (k/3iv^,+Oo) (K/3i, I^TTj ) 5 

i 0, w G (O,K0i)U^.Ji ( 

^/3(i+i))- 


Thus, we are able to recover N^, Njj, {najYj^i, {'^/til^i by analyzing the 
location of the jumps of ^paik) for fc G I+. 

In order to continue with the recovery, let us define the ‘reduced’ quantities 
identified with the superscript [0] as follows: 


No, 


FY\k) :=F„(fc)n 


■IKo 


i=i 


k — iKo 


a G (0, tt]. 


Note that |Ti°^(fc)| = \Fa{k)\ for fc G R, and hence as seen from (5.3) it is natural 
to let 


(5.8) Zflik) := <; 


No. . No 

r7 /7A TT ^ TT « - 

^/3a(fc)|| II 

r\j I rX/Q - 


i=i 


p^l 




IKf^p 




k + m-TTj . k iK^p 


0 < /3 < Of < TT, 

0 < /? < a = TT, 


so that has no zeros or poles in C+ \ {0}. 

Let yyl®] denote the class of functions Y{k) that are analytic in C+ and con¬ 
tinuous in C+ \ {0} satisfying Y{—k) = Y{k)* for fc G R and l-|-0(l/fc) asfc^oo 
in C+, and that Y is either continuous at fc = 0 or has a finite-order zero or pole at 
fc = 0. Let W denote the extended class of functions that differ from Y{k) in 

by a finite number of multiplicative factors of the form with real constants 

k ~\~ 

aj and bj. For such functions Y{k) in W, we let log(y(fc)) denote the branch of 
the logarithm normalized as Im [log (y(oo))] = 0. 

Theorem 5.1. The quantities Z^°j,(fc) for 0 < P < a < it and Z^^l(k)/[ik] for 
0 < P < TT each belong to , and for k G C+ we have 


( 1 /“^ 

(5.9) Z'fik) = exp - dt 

' TT J-oo 


Im 


l 0 g( 4 aW)^ 


t - k - 10+ 


0 < P < a < TT, 


(5.10) Z^°|(fc) = ffc • exp iy 


Im 


dt ■ 


log {zfl{t)/[it]J^ \ 


t - k - i0+ 


■ 


0 < P < n. 


Proof. For any a G (0, tt] it is known [2,10-12] that Fa{k) is analytic in C+ 
and continuous in C+, it is nonzero in C+ except for the simple zeros at fc = iKaj 
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with j = 1,..., Na and perhaps a simple zero at /c = 0. By using (3.12) and (3.13) 
of [12], as fc ^ oo in C+ we obtain 

ihfja hfja cot P (T n ^ ^ ^ 

+ o(l/A;), 0 < p < Of < TT, 


k 

ik + cot P + o(l), 0 < /3 < a = TT, 


(5.11) Zp^{k) = 
and hence from (5.8) and (5.11), as fc ^ oo in C+, we get 






Na 


hfia 2 ^ ] Rttj 2 ^ ] 


K-iSj 


1=1 


1=1 


+ 0{l/k‘^), 0 < P < a < TT, 


^ I 1 

ik ik 


cot P “1“ 2 2 E Kf3j 

1=1 1=1 


+ o(l/A:), 0 < P < IT. 


Using also (2.4), (5.3), and (5.8), it follows that Z^p\{k) for 0 < /? < a < tt and 
z'p\{k)/[ik] for 0 < /? < TT each belong to W^. Moreover, the logarithms of both 
these quantities are analytic in C+ and continuous in C+ \ {0}, have at most an 
integrable singularity at fc = 0, and are 0{l/k) as /c ^ oo in C+. Thus, the Schwarz 
integral formula can be used to obtain 


-I pOO 


Im 


log 




V 


ik 


1 

71 , 


Im 


dt ■ 


t - k - 10+ 


log 


t-k - 10+ 


k G C+, 


k G C+, 


which give us (5.9) and (5.10), respectively. 


□ 


From (5.8) we get \Z^p\{k)\ = \Zf)a{k)\ for A: G R, and hence a comparison with 

A: G R+ U I+, 


(5.1) and (5.2) leads us to let 
(5.12) 

with the normalization 


4a(^) 


do] 




da(+00) = 


SO that for 0 < /I < a < TT we have 


1 


0, a G (0, tt), 
1/2, Of = TT, 


Np . 

K “h tl^Q/j 1—r r£ — 


( 5 . 13 ) e,jk) =e,.(fc)+- log I n n ^^ 

\.3 P 


and for 0 < /I < TT we get 


(5.14) log 


k — ZK-^j T—r k ~h ZKj^p 
k + iKirj k — iK/3p 
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Using (5.5), (5.13), and (5.14) we can extend oddly from k € R+ to 

k gR, i.e. 

(5.15) (_A:) =(fc), 0<P<a<7T, keR. 

From (5.12) and (5.15), for fc G R we get 


(5.16) 4°l(fc) = <; ^ 


— Im 

TT 


■ Im 


log (4a(*)) 


log 


V 


fSTT V 

ik 


and similarly, for k € R we have 


1 


(5.17) ?^„(/c) = 


-Im[log(Z, 3 a(A:))], 


1 


Im 


log 


Z/3Tv{k) 

ik 


0 < (3 < a < TT, 


+ - sign(A:), 0 < /3 < a = tt. 


0 < /? < a < TT, 

+ i sign(fc), Q < f} < a = TT. 


Since z'^^]^{k) > 0 for fc G I+, we have 

(5.18) = 6, 0 </3 < a < TT, fc G T, 

and hence, from (5.13) and (5.14), for fc G we get 

1 


(5.19) ^0^{k) = { 


- log ( TT ^ ~ TT ^ 

l A: + iKaj k - iufjp 


1 


I, , ■ r, ■ 

r£ ~r 1 —I" K — 


;“>* nssn 


0 < /? < a < TT, 


0 < /? < a = TT. 


k - iK-jrj k + iKj^p 

Using (5.16) in (5.9) and (5.10), we obtain the following. 

Corollary 5.3. For 0 < [3 < a < tt, the quantity z'"^]^{k) for k G C+ can be 

[0], 


obtained from given for k G R^ via (5.15) and 

(Z(i) \ 


zfh'-') = < 


exp 


ik • exp 


dt 


t - k - i0+ 
[ 0 ] 


0 < P < a < TT, 


dt 


- (l/2)sign(t) \ 
t-k - z0+ j 


Q < P < a = TT. 


Now let us continue with the recovery of a and P from ^^q,. We have already 
constructed Na, N^, and {Ki 3 j}^^i- Next, with the help of (5.13), (5.14), 

and (5.15) we obtain for fc G R. Then, using Corollary 5.3 we get ^^°i,(fc) 

and via (5.8) we obtain Zp^pk) for k G C+. Having Zj^aik) in hand, we can recover 
a and P by using (3.11) and (5.11). 
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Next, we continue with the construction of Fa and Ffj. When a tt, we proceed 
as follows. Having hpa and Z^aik) for A: G R, via (5.6) we construct |F/ 3 (fc)p as 

= Ini[Z^l(fc)]’ 

Knowing |K/ 3 (fc)| for fc G R, we can then construct via (cf. (3.6) of [12]) 


fc G R. 


(5.20) Fp{k) = A I n 


k — iKfSj 
k + iKfSj 


exp I —r / dt 


log|t/F, 3 (t)| \ 
t - k - t0+ / ’ 


k G C+. 


On the other hand, if a = tt we proceed as follows. From (5.6) we get |F,r(fc)P as 


\FAkr = 


A: G R. 


Having |F,r(fc)| for A: G R at hand, we can then construct F^^ via (cf. (3.7) of [12]) 


(5.21) F^k) 



k X ^77 J 
k + ZKttj 




log I F„ (A) I \ 
t-k - z0+ / 


k& C+. 


Finally, if a yf tt then via the first line of (5.3) we can recover Fa{k) from the 
already constructed quantities Fff(k) and Zpa(k) for k G C+. Similarly, if a = tt 
then via the second line of (5.3) we can recover Ff}{k) from the already constructed 
quantities F,r(fc) and ZfjT^{k) for k G C+. A comparison with (3.3)-(3.10) reveals 
that we have now constructed the data sets I?i,I? 3 ,1?5,1?7 when a G (0,7r) and 
I? 2 ,274,1?6) Fg when a = tt. Finally, we can recover V via one of the methods 
described in Section 4. 

Let us also note that, by using any one of the eight data sets Vj given in (3.3)- 
(3.10), we can construct the quantities Fa{k) and F 0 {k) for k G C+ as outlined in 
Section 3, then obtain ZjSa for k G C+ given in (5.3), and also recover ^/ 3 a(fc) for 
k G R+ U 1+ via (5.17) and (5.19). 


6. Examples 

In this section we present two examples to illustrate the recovery of the potential 
and the boundary conditions from the data set I ?3 given in (3.5) and also from 
Krein’s spectral shift function ^/sa- 

Example 6.1. In our first example, assume that we are given T >3 with h/ 3 a = 5, 
Na = 1, Nfs = 2, Kai = 2, k /32 = 4, and |Fa(A:)|^ = A:^ + 4 for A: G R, and we are 
interested in constructing all the relevant quantities such as cot a, cot/3, Fa, Fp, 
and V. By using the method outlined in Section 3, with the details given in the 
proof of Theorem 2.3 of [12], we get 

K /31 = 1, cota = —8/5, cot/3= 17/5, 

F^(k)=k-2i. Dw = ■‘4 

As indicated in Sections 3-5, we can then obtain other relevant quantities such as 


/(fc,o) 


5A; — 8z 
5(A: -I- 2i) ’ 


/'(fc,o) 


25zA; 2 -t 40A: -h 36z 
2 b{k + 2 i) 
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the quantities used in the Gel’fand-Levitan and Marchenko methods, e.g. 


5al = Y^, TOai = V40, Saik) = ^ ^ 2^ 


the quantities used in the Faddeev-Marchenko method, e.g. 
_ _ iVM + 4)^ ^ 3 


TV = 1, n = 


=, m = 


25A:2-40tfc+18’ 


the quantities relevant to Krein’s spectral shift function, e.g. 

(fc + 2i)2 _ 1 T L„/^ (fc + 2t)2 


(h) — (fc + 2i) [0] , , _ T 1 

(fc + 2i)(fc-2t) ^ 1 T [i 

= (t - i)(t - 4i) • = ; !■” [>“8 

and finally the potential and the dost solution 


(fc + i){k + 4z) J 

{k + 2i){k — 2i) 
{k — i){k — 4z) 


V(x)=- 


(9 + e4®)' 


f{k,x) = e^>^^ 1- 


{k + 2i) (9 + e4^)J ’ 


k e R+, 


Example 6.2. As our second example, let us assume that we have as our data 
Krein’s spectral shift function given by 

{ 1 1 r / (fc — z)(A: + z)(A: — 3z)\ 1 , 

k{k-2i){k + 2i) jj ’ ^ 

0, A:Gz(0,1)Uz(2,3), 

1, A: G z(l, 2) U z(3,+oo), 

and we would like to construct all the relevant quantities such as cot a, cot (3, Fa , 
Ffj, and V. By letting k +oo in (6.1) we get ^/ 3 q(+oo) = 1/2, and hence we 
see from (5.2) that a = tt. Next, we analyze our ^paik) on 1+ and see the jump 
discontinuities at k = z,2z,3z. A comparison with (5.7) indicates that Na = 1, 
Np = 2, Kai = 2, Kp\ = 1, and Kp 2 = 3. Next, using (5.14) and (5.18) we obtain 

( 1 1 T Ti /(fc + z)^(fc + 3z)\1 

*(1) = h +; h ( kik^2,f )\ • 


I 0, kG I+, 

and then, via Corollary 5.3, we get 

(6.2) Zfjk) = ■ 


fc G R, 


i{k + iY{k + 3z) 

(fc + 2t)2 ■ 


Next, using (6.2) in (5.8) we obtain 


Zpa{k) = 


i{k + i){k — i){k — 3z) 
(fc + 2i){k — 2z) 


Using (6.3) in (5.11) we get cot (3 = 3, and then with the help of (5.20), (5.21), and 
then (5.3) we obtain 
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Proceeding as in the first example, we can then construct all the relevant quantities. 
For example, we have 


SAk) 


(k + i){k + 2i) 
{k — i){k — 2i) ’ 


m^i = 4 ^ 3 , g^i = ^ 3 , 


— Qq _ _ 

^(fc)= 2fc3 + 5fc + 9^ ’ ^ = 1’ n= 2.144441*, c.i = 0.631182, 

where the overline indicates a roundoff at the digit. Finally, we obtain the potential 
and the dost solution 


V{x) 


24e-2“ - 480e-^"^ + 7206"®"^ - 4806"®=" + 600e-3°"^ 
(1 - 3e-2“ + 15e-4“ - 


f{k,x) = e 


ikx 


6 *( 


,-2x 


e--- - 5e-®“) 


60*(-e-^^ + 


1 + 


fc + * _ k + 2i 

1 - 3e-2=" + 15e-4^ - 
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